Abstract-In a seminal paper, Humblet decomposed the angular momentum of a classical electromagnetic field as a sum of three terms: the orbital angular momentum (OAM), the spin, and the more unfamiliar surface angular momentum. In this paper, we present the result of such decomposition for various metallic waveguides. We investigate two hollow metal waveguides with circular and rectangular cross sections, respectively. The waveguides are excited with two TE eigenmodes driven in phase quadrature. As references, two better known modes are also analyzed: a plane, a circularly polarized wave (a TEM mode), and a TE-Bessel beam, both of infinite transverse extent and with no metallic boundaries. Our analysis shows that modes carrying OAM and spin can also propagate in the metallic waveguides, even when the cross section of the waveguide is distinctly non-circular. However, the mode density of orthogonal modes carrying OAM is at most equal to that of the waveguides' eigenmodes.
I. INTRODUCTION

I
T IS well known that propagating electromagnetic fields carry linear momentum and can carry spin. Only relatively recently, attention has been directed to fields that carry angular momentum [1] - [4] , although this possibility has been known for a long time [5] - [7] . This angular momentum consist of two measurable components, the wave's spin and its orbital angular momentum (OAM) [8] . In the field of optics, the OAM of light has been measured to the single photon level [9] , has been used to detect rotational motion through the angular Doppler shift [10] , [11] , and has been utilized to mechanically rotate microscopic particles trapped in light-fields (so-called optical tweezers) [12] , [13] . Recently, orthogonal angular momentum modes have also been used in a demonstration of mode multiplexing in a freespace optical communication link [14] - [16] , but other degrees of freedom may be more convenient for multiplexed optical fiber communication [17] (such as time or wavelength multiplexing). Whereas spin (manifested in circular polarization) has been used for a long time in radio transmission to boost the information capacity per unit bandwidth by a factor of 2, the OAM degree of freedom has seldom been used. Recently, however, the picture has changed as array antennas and fast electronics have facilitated the generation and detection of waves with non-trivial amplitude and phase fronts [18] . Claims have been made that the utilization of the OAM degree of freedom can increase the information capacity per unit bandwidth in radio or microwave channels [19] . However, this claim has been dismissed by others. Kish and Nevels showed that if the rotational degree of freedom of free-space modes increased above the two degrees provided by the mode's spin, then Planck's blackbody radiation law would no longer be valid [20] . Since this law has profound implications for both thermodynamics and quantum mechanics, the authors of [20] concluded that the angular degree of freedom cannot give rise to an increased mode density. However, using thermodynamic considerations only, the authors did not discuss if OAM modes exist, and in that case how they relate to other sets of modes. In [21] , the authors pointed out that OAM modes can be generated and detected by an array of appropriately spaced and phased antennas (so-called MIMO). This claim seems difficult to refute having Huygens principle in mind, and knowing that the radio astronomers have designed arrays of omnidirectional antennas to study the vorticity of plasmas (and thereby the angular momentum carried by the radiation) [22] . The authors of [21] also looked at the channel capacity of a number of OAM-multiplexed modes and found that rather rapidly with increasing distance it dropped to the capacity of a single-channel system. The reason is that all modes that carry angular momentum have vanishing intensity at the mode center where the phase singularity, which is characteristic for such modes, reside. Hence, if the receiver antenna is located on the sending antenna system's symmetry axis, very little radiation is captured by the receiver in the far field. Instead, only the mode with zero angular momentum (which has its intensity maxima on the symmetry axis) will carry energy and information. (However, if the receiver antenna is moved from the symmetry axis, the situation will be somewhat different, and this was not analyzed in [21] .) Finally Tamagone et al. [23] also claimed that OAM multiplexing could be replaced by multiple input multiple output (MIMO). Moreover, Tamagone et al. claimed that the demonstration of OAM multiplexing was not performed with a sufficient space separation between the sending and receiving antenna to justify a far-field (beyond the Rayleigh range) treatment. In the far field, on axis, as discussed above, the intensity of modes carry angular momentum decreases very rapidly with antenna distance . The decrease is proportional to instead of as for a conventional antenna. In their reply [24] , Tamburini et al. emphasized that their demonstration had used angular momentum modes, whereas the two-antenna MIMO configuration suggested in [23] cannot produce such modes. (Two antennas are not enough to define a handedness of the transmitted signal.) In a reply, Tamagnone et al. answered that with more than two MIMO antennas, also modes with OAM can be excited, but that the key criticism against the use of OAM modes for free-space transmission is the rapid on-axis power fall-off as a function of distance [25] , the same disadvantage that was found in [21] .
In contrast to the free-space beams discussed in [14] - [16] , [19] , [21] , and [23] , we shall investigate guided modes and show that in hollow metallic waveguides with a circular symmetry, modes carrying OAM can be formed by superimposing, pairwise, the conventional eigenmodes. From this, it follows that the set of OAM modes is just an alternative set to the set where an angular momentum is absent. In this case, the mode densities, and thus channel capacities, for the two sets are identical. For waveguides with non-circular symmetry, the situation becomes more complicated, but eigenmode superpositions exist that carry OAM. However, the mode dispersion has the effect that for most superpositions of eigenmodes, the angular momentum density becomes position dependent and averages to zero if integrated over the waveguide's cross section and the mode beating length. Thus, few, if any, modes exist that carry net angular momentum, and moreover, the modes that do typically carry it as a mixture of OAM and spin.
We shall start our investigation by revisiting Humblet's decomposition of an arbitrary electromagnetic field into its constituent parts [26] . We shall then apply this decomposition to plane waves, a circular hollow metal waveguide, a Bessel beam, and finally to a rectangular hollow metal waveguide. At the end we shall summarize and discuss our findings.
II. HUMBLET'S DECOMPOSITION
In a pioneering work, Humblet [26] decomposed an electromagnetic field's angular momentum volume density into three terms (where here we shall only look at the vectorial component in the -direction): the OAM volume density , the spin volume density , and the surface momentum volume density , v.i.z.
The last term takes boundary effects into account, and although the letter is often used to denote electrical surface currents in electromagnetics, no such association should be made with or . (In fact, Humblet denoted this latter quantity by .) The name is derived from the fact that the mathematical expression for is a three-divergence. Thus, its integral over a volume can be expressed by an integration of the vectorfield normal over the enclosing surface. In many cases, and in particular in the waveguides analyzed, the contribution of this density vanishes when it is integrated across the mode or beam cross section.
Assume now that we have a transverse electric (TE) timevarying field propagating in the -direction. (The transverse magnetic (TM) case will be discussed in Appendix B.) In complex notation the field can be expressed , where and are functions of the coordinates , , and , and is the imaginary unit. For simplicity of computation we define the following functions of the fields:
The -component of Humblet's four quantities can then be expressed (in SI units) as follows: (7) (8) (9) (10) where (10) assumes that the -field is divergence free. The prefactor is defined as (11) where denotes the permeability of vacuum and is the speed of light in vacuum. The electrical field's volume energy density in SI units is , where and is the permittivity of the vacuum, and for a propagating field the total electromagnetic volume energy density is (12) We are also going to use Humblet's decomposition in the cylindrical coordinates , , and , in which the TE field can be expressed . The decomposition can then be written as (13) (14) (15) (16) where (16) also assumes that
. To these equations, we add the energy density (17) Note that (7)-(17) apply only to TE modes. For modes also having a -component, one needs to use the vector expressions in [26] . In the case of TM modes, (7)- (17) 
III. PLANE WAVE AND OTHER TEM MODES
In this section we shall discuss TEM modes, which are the eigenmodes for a large class of waveguides, and we shall prove that no such mode carries angular momentum. However, we shall start by considering a plane wave, which, although it is not waveguided, is the simplest TEM mode. This example will show that one must be careful both when computing and interpreting the results of a decomposition of the total angular momentum.
Consider a plane circularly polarized wave with angular frequency propagating in the -direction. In this case, the electric field can be written as (18) Since the plane wave has no variations in the -and -directions, the coefficients in the Humblet decomposition (2)- (6) (21) It is known from the literature that a Laguerre-Gauss (LG) beam [3] carries the (orbital) angular momentum per photon, where is the orbital quantization number [1] , i.e., the so-called topological charge of the beam's phase screw [27] , [28] . The energy carried per photon is . Hence, the OAM carried per unit energy is in an LG beam. This is a good reference expression to keep in mind in the following.
By using (20) and (21), one finds that the spin carried per unit energy on average in a plane circularly polarized wave is (22) This result may be somewhat surprising because on the one side, the field lacks angular momentum, but on the other side it has spin, but no OAM. The common assertion that the angular momentum (density) is the sum of the spin (density) and OAM (density) then cannot hold (which is what Humblet showed). The resolution of this apparent paradox lies in the fact that a plane wave is unconfined in space and is, as such, a mathematical abstraction. The spin of a plane wave cannot be measured as the measurement apparatus would have to be infinitely large. If the spin of a circularly polarized wave is measured by the interaction with an absorbing or birefringent finite object, then the object will be subjected to a torque [7] , [9] . However, the now measured part of the field is no longer a plane wave, but has a boundary. One way of interpreting the situation is that the measured field, which is non-plane, has a spin that exerts the torque, whereas an entire plane wave has no spin and no angular momentum. This view is taken in [29] . Another view is Humblet's, where the field has no angular momentum density (because the spin contribution is negated by the surface moment density), but it has spin density that will exert a torque on any finite size appropriate object.
TEM modes, such like a plane wave or the fundamental mode in a coaxial waveguide, always have . This follows from the fact that if and are both zero, then the Poynting vector must only have a -component so that the -component of , which gives the angular momentum volume density [see (35) ] is identically zero. From this follows that our reference beam, the LG beam, is not a TEM mode, even if it often approximated as such.
IV. HOLLOW METALLIC WAVEGUIDE WITH CIRCULAR CROSS SECTION
The orthogonal TE eigenmodes in a hollow waveguide with a circular cross section and radius have the field components (in cylindrical coordinates) [36] (23) (24) (25) where and are amplitudes (with SI unit volt), is the first derivative of the th Bessel function of the first kind, gives the th solution to , , and . A complete orthogonal set of modes is spanned by the (having ) and the (having ) modes. In Fig. 1 , the electric field of the mode is illustrated as a reference. We shall assume that the total field is composed of a superposition of two waveguide eigenmodes and . Why this choice is sufficient will be explained next.
Suppose the modes are oscillating with identical frequency and are propagating with the same phase velocity. Below we shall show that this implies that and . If the modes then oscillate in phase, i.e., the total electric field is, e.g., with and real, the field will not carry any angular momentum no matter how we chose the ratio . One way of understanding this is that at any fixed space point inside the waveguide, the -field simply oscillates back and forth with time, it does not rotate and thus does not carry average spin or angular momentum. (For the very same reason, e.g., the "superposition" also does not carry spin or angular momentum.) If the modes have a phase angle , but we chose both the modes from either the or the set, e.g., , then it also follows that the field also does not carry angular momentum. If instead we chose , then at any spacetime coordinate in the waveguide the -field can be divided into a rotating and an oscillating component, and spin and angular momentum will be carried by the rotating component given by the phase quadrature driven fields (26) Let us now consider eigenmodes of different (angular) frequency and , or different propagation constants. It follows from (2), (3), and (7) that modes with different frequencies have vanishing time-averaged angular momentum. Over one frequency-beating cycle , the relative phase between the two fields at any space coordinate will make a full oscillation and any bilinear product will therefore average to zero. Hence, we shall only consider modes oscillating at the same frequency. Similarly, it also follows that modes having different propagation constants and will carry a vanishing instantaneous angular momentum when space averaged over one beating period along the waveguide. Therefore, we will also restrict our analysis to modes with an identical propagation constant (i.e., identical wave-vector component along the waveguide). We will denote such superpositions as carrying net angular momentum density. Moreover, since the angular momentum is composed of bilinear products of the electrical field, superpositions of three or more modes can be analyzed in terms of the pairwise contributions. For the same reason, the apparent asymmetry between the modes in (26) when is not an integer multiple of vanishes when considering the bilinear products. The superposition has identical angular momentum and spin properties as the superposition in (26) . Therefore, without loss of generality, we can restrict our analysis to fields of the type . (The case when follows trivially by negating the obtained quantities.) The dispersion relation for such a mode reads (27) In order to get identical propagation constants (implying a net angular momentum density), the two modes in the superposition need to fulfill . As the zeros of the derivative of the Bessel function of the first kind are irrational and do not have any simple relation to each other, this means that the two modes need to have the same mode indices and . A simple choice that gives an new orthogonal set of modes is to let the amplitudes and of the and modes, respectively, fulfill or . This way we create a new set of modes. For each pair of orthogonal eigenmodes and , we can form two new orthogonal modes . Thus, the two sets of modes have the same mode density. Thus, we can finally write the considered fields in question
By integration over the waveguide cross section and using (13), (29) , and (30), one can express the angular momentum length density as (31) In Fig. 2 , the volume density in the integrand, along with and are shown for two different modes. We then use the relations and (32) to obtain (33) When we compare with the expression for the energy length density, using (17), (29) , and (30),
we see that . That is, the angular momentum is per unit energy on average. To get explicit expressions for the length densities, we note that one can also express (35) so that for a mode,
One therefore obtains (37) Using tabulated relations between Bessel functions, one finds that
The total electromagnetic volume energy density can be expressed [37] (39) so that the energy density per unit length becomes (40) which is in agreement with the relation we found between and through (33) and (34) . In the complex notation, we have . Using this observation together with (15), (29) , and (30), one can express (41) where in the last line we have used the fact that for the spin density vanishes, and for , then . To compute , we note from (13) and (16) These expressions show several interesting features. The first is that in analogy with an LG beam, the modes carry an integer number of angular momentum quanta per photon, and there is no upper limit. However, in contrast to the LG beams, the spin and the OAM degrees of freedom are not independent. Thus, it is, in general, not possible to excite fields that carry all its angular momentum either by its spin or by its OAM. The largest average spin per unit energy is carried by the superposition of modes with and for which we get . For any given , the mode with gives the largest average spin per unit energy. The OAM follows the same pattern for . We also noted above that this new set of orthogonal modes has an identical mode density to the conventional eigenmode set. The important conclusion follows that the introduction of modes with angular momentum has not changed the waveguide's capacity for, e.g., communication.
Finally, it may be appropriate to explain why, e.g., the spin per photon in (46) is not , as one would perhaps have expected. The reason is that using classical equations we can only compute averages and we cannot expect to "see" quantization effects directly. If we were to adiabatically transform one of the considered waveguide modes into a free-space mode (effectively making an impedance matched antenna), then one would find that the mode in free space would be in a superposition of modes with positive and negative spin. When measuring photon per photon, each photon would carry a spin , but the average spin per photon is only restrained to lie in the interval . Although it is not obvious, (46) fulfills this restraint.
V. BESSEL BEAM
Bessel beams are well studied in the literature [30] - [33] so our treatment will be brief. The reasons for including such beams here are twofold. Firstly, they provide a good reference to existing and widespread knowledge. Secondly, as shall be shown below, these modes are very similar to the waveguided modes in a circular metallic waveguide so in the limit when and , the two mode sets are essentially equal, making our conclusions about mode density valid also for the Bessel beam case.
The relevant field components of a TE Bessel beam can be obtained from (28)- (30) Unfortunately, but not unexpectedly, the integrals diverge due to the slow falloff of a Bessel beam as a function . However, using recursive identities for Bessel function, one can compute for , and to get in all three cases terms terms (50) since the expression effectively equals for large . To show that the equation is generally true for all , it is inconvenient to use the exact expressions involving Bessel function integrals (although the recurrence relations in principle allow one to do this). Instead, the results for the hollow waveguide with circular cross section should be applicable in the appropriate limit since the fields in the two cases have identical form. We shall, for a fixed , look at the limit under the condition that . Of course takes on discrete values, whereas is continuous, but as is a monotonically increasing function of the index , we will always find pairs solving the equation no matter how large we want as a minimum. Rewriting the equation
shows that for a given , it holds that when , then . Taking this limit in (44) (53)
The first three results agree with the results in [3] , [34] , and [35] . It is, however, important to note that in order to get the spin length density to zero, the integration of must not be truncated to the central part of the beam, where the spin volume density is non-zero and the energy volume density is finite. One should also note that Bessel beams carry no average spin, whereas LG beams may do so.
VI. HOLLOW METALLIC WAVEGUIDE WITH RECTANGULAR CROSS SECTION
Here we study the angular momentum propagated by the electromagnetic field in a hollow metallic waveguide with a rectangular cross section with width (along ) and height (along ). Cartesian coordinates are used with the origin at the lower left corner of the cross section (see Fig. 3 ). The propagation direction is in the positive -direction. In analogy with the hollow circular metallic waveguide, we shall consider superpositions of the type . The motivation for studying this particular combination is given above in Section IV.
The field components of the above-described superposition of TE modes in a rectangular waveguide can be expressed [36] (55) To carry net angular momentum length density, the modes considered need to fulfill , which for any ratio severely restricts the values the mode indices , , , and can take if the field is to carry a net angular momentum density. The modes' indices need to fulfill the equation (58) where only non-negative integers need to be considered. Relation (58) also implies that if , then , and conversely (and equivalently), if , then . Therefore, if these indices are pairwise equal, which is a trivial solution to (58), the field we are considering is . Such a field does not carry angular momentum, spin, or OAM because it has no bilinear field components that are in the phase quadrature. Instead, the field has a global phase of . We shall also verify this observation through an explicit derivation below.
If , , , and in (2)- (5) are integrated over the waveguide cross section, they will yield corresponding length densities. We will denote these with the roman upper case letters , , , and , respectively. Carrying out the integrations yield
The expressions above are valid when and are both odd. In this case, and , thus the denominators in (59)-(62) do not vanish. We see that, in general, the field carries angular momentum, both in the form of OAM and spin.
If or are even, (59)- (62) are not valid. Instead, the integrals yielding , , , and all vanish, except if and is odd, or if and is odd. However, in this case the dispersion relation, through (58), dictates that if, e.g., then must equal in which case the expressions vanish (because is even). Thus, modes with and odd or and odd can of course be excited, but they carry no net angular momentum so we shall not consider them further. Summarizing, net angular momentum flux is only obtained when and are both odd. In all cases, it also holds that the expressions for , , , and are independent of what axis one calculates the moments around. That it is the case for is trivial since (5) does not involve any moment arm. In Appendices A and C, we show why this also holds for the length densities and .
A. Angular Momentum Length Densities
The angular momentum , the OAM , the spin , and the surface momentum per unit length when and are both odd can be computed by using (7)- (10) and replacing the Greek symbols with the corresponding roman lettered expressions (59)- (62) and (63)- (66), shown at the bottom of this page. We reiterate that the requirement for carrying net angular momentum is that and are both odd and (58) is fulfilled. From these equations, we see that is zero if two of the mode indices are simultaneously zero. Neglecting the four trivial cases , (the sums are zero and are therefore even) and , (these choices do not represent a valid mode), we still have the cases where or when (64) vanishes. We also see that if nominally , then . However, the dispersion relation does not allow such a mode index solution that carry OAM. To see this, suppose is the smallest mode index (this can always be accomplished by orienting the coordinate axes appropriately). If , then must also be zero in order to fulfill since cannot be zero in this case. The dispersion relation (58) then dictates that . We then find that the mode superposition indeed carries no spin, but also no OAM. If (but still is the smallest index), then implies that to fulfill . We then have that and . The only way of fulfilling the dispersion relation is then that and . Again, such a mode superposition carries neither angular momentum, nor spin. Hence, we find no non-trivial solution that carries all its angular momentum in terms of OAM.
The electromagnetic energy carried per unit length becomes
except when or . Using the equations above, one can easily compute the momentum and spin per unit energy, but the expressions are unwieldy and will therefore not be written out explicitly.
In the case , implying that neither nor can be even, the energy per unit length becomes (68) In this case, we get rather simple expressions for the angular momentum and spin per unit energy, namely, (69) (70) Here, as we noted in Section VI-A, the angular momentum is carried solely by the spin. The expression for the case is obtained by the substitution , , and in the equations above.
B. Square Cross Section Waveguide
In order to simplify the expressions above for the sake of discussion, and to facilitate mode combinations fulfilling (58), we will look at the special case, namely, a waveguide with a square cross section, i.e.,
. Moreover, to simplify further, we shall assume that . In this case, one finds that all modes where and will propagate at the same speed. Another class of solutions to (58) are the primitive Pythagorean triplets supplemented with a zero such as , , , and or , ,
, and . Even multiples of the primitive Pythagorean triplets such as , , , and fulfill the dispersion relation, but such modes do not carry any net angular momentum since the sums and are even. On the contrary, odd multiples do carry angular momentum. Finally there is a class of (relatively high order) modes where all four indices are different and non-zero such as , , , and . The simplest case is to consider the superposition . In this case, we immediately know from (70) that so that the angular momentum is carried by the spin. From (69), we have that . This mode superposition thus carries just under one spin quantum per photon on average.
Modes that carry quite a lot of angular momentum are . When , these modes have and . From this we see that the average spin carried per photon decreases as the mode indices increase for such modes, but that the angular momentum and OAM of the field can in principle be arbitrarily high for modes with large and adjacent indices.
VII. CONCLUSION
We have analyzed how angular momentum can be carried in hollow metallic waveguides by suitable superpositions of waveguide eigenmodes. For all such waveguides, the surface momentum length density is zero for TE and TM waves. In such waveguides with a circular cross section, the angular momentum carried per photon is an integer number of quanta , just like in a Bessel or an LG beam. However, in contrast to these, the spin and the orbital momentum degrees of freedom are not independent. We also find that the mode density of the conventional eigenmodes, and the modes carrying net angular momentum, are identical. While Humblet's surface momentum length density in hollow metallic waveguides vanishes, one cannot assume it always does. In unconfined beams with slow radial falloff, such as in a plane wave, the contribution does not vanish and has to be accounted for both from a mathematical and an interpretational point of view.
The result for rectangular hollow metallic waveguides is considerably messier. In general, it is difficult to find modes that carry net angular momentum. In the cases such solutions can be found, the modes carry angular momentum both in the form of spin and in the form of OAM in general. (This is also true for non-paraxial waves, in general, [34] .) Exceptions can be found, in particular for waveguides with a square cross section. In the latter case, the superposition carries all its angular momentum in terms of spin. At any rate, we find that there is no limit to how large angular momentum the field may carry per unit energy. In Table I , we have made a comparison of the angular momentum between different modes in terms of units of average angular momentum per photon. The waveguide modes are effectively those mode superpositions with the lowest cutoff frequency carrying angular momentum or spin. The signs in each column will all be changed if the chirality of the mode is reversed. The indices and refer to the sine and cosine eigenmodes.
Finally, regarding mode density, we find that there are at most the same number of orthogonal modes per unit frequency carrying net angular momentum as the number carrying no angular momentum. The reason is that the modes having angular momentum are superpositions of the waveguide eigenmodes, and only superpositions of the eigenmodes having identical propagation constants will carry a net angular momentum. To exemplify, in a quadratic waveguide, assume that for a certain angular frequency only the eight modes with indices 01, 10, 02, 20, 11, 12, 21, and 22 can propagate, whereas higher modes have a cutoff frequency . Of these modes, only superpositions of 01 with 10, and 12 with 21 will carry net angular momentum. Hence, in the frequency interval considered, there will be four orthogonal modes with angular momentum versus eight modes without. In waveguides with less symmetry, it will be even more difficult to find eigenmodes with identical propagation constants. For instance, if in a rectangular waveguide the waveguide side ratio is irrational, there are no mode superposition that carry net angular momentum. Since these observations are quite general, we conclude that for communication purposes, there seems not to be any specific advantage in using orthogonal angular momentum modes. It is better, or at least not worse, to use the channel's regular, orthogonal eigenmodes.
APPENDIX A SURFACE ANGULAR MOMENTUM DENSITY
The calculation of can often be simplified by using the fact that is a component of a three-divergence. Hence, using Gauss law in a volume defined by a length and a surface in the -plane that has the boundary gives, after some manipulation, (71) where is the electric field component normal to the boundary enclosing the mode. The equation holds for TE, TM, as well as for TEM modes.
Thus, for unbounded non-diffracting beams, if the fall-off of is (asymptotically) more rapid than . Moreover, for a hollow metallic waveguide, we may let the surface boundary lie entirely outside the waveguide walls. Here, the -field, and thus the integrand, is zero so that the line integral vanishes. Thus, in hollow metallic waveguides. This fact can of course also be confirmed by explicit integration of for each specific case.
APPENDIX B TM MODES
The Maxwell equations are dual in that the equations retain their form if the following transformations are done: , , and . Such a transformation will obviously change TE modes to TM modes and vice versa. Thus, e.g., the angular momentum volume density for a TM mode can be expressed in cylindrical coordinates [cf. (36) ] and in Cartesian coordinates by with and (72) Since , , and for a TM mode take similar form as , , and do for a TE mode, the results for TM modes will come out in an equivalent fashion as for the TE modes. A difference between the two mode sets is that no TE mode of the form or has a TM counterpart if the boundary condition is that the waveguide walls are metallic and not magnetic. Since the basic invariance arguments are independent of the chosen coordinate system, what has been said must hold for both rectangular and circular waveguides.
APPENDIX C MOMENT ARM INDEPENDENCE
Suppose we have expressed the volume angular density in the coordinates around an origin defining the moment axis, but that we want to shift the moment axis by introducing a new coordinate system , where the fixed vector lies in the -plane. The angular momentum length density in the -direction around the new axis becomes where denotes the transverse component and the integration is made over the waveguide cross section. However, as is the Poynting vector in the transverse direction, and as there is no net flux of energy out of the waveguide, its integral over the waveguide cross section vanishes.
It is also shown in Appendix A that for the modes we have considered. This result follows irrespective of the location of the origin. It is obvious that the spin, having no moment arm, is also independent of where we place the origin. Hence, it follows that must also be independent of the moment arm because and all three terms on the right-hand side have no moment arm dependence.
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